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We quote sufficient conditions for evasion of contact in a game of two nonlinear
objects with integral constraints on the control,

1, Let £, be a fixed real number, Let the laws of motion of the pursuing vector
Z & E™ and of the escaping vector y = E™ be described for ¢ > ¢, by the vector
differential equations

diz/dt* =L (¢t X)+u, z =col (2!, ..., 2", u=u@)ckr (1.1)
X =col {20, 20, ..., z®*-D}; 2O = dizx / dii, O<iCh—1
L(t,X) =L(t, 2, ..., O g0, 01

diy/dtt =H(t,Y) v,y =col(y', ..., y"), v=o(t)EFE (1.2)
Y =col {yO®, ..., yi-D}; yo =diy/d¢, 0<i<I—1
H (t’ Y) = H {t, y(")‘, e, y(o)'n’ y(l) L., y(l-1)ﬂ)

Here E"is an n-dimensional Euclidean space, y (v) is an everywhere finite vector-
valued function, measurable for ¢ >> ¢, , whose scalar square we sum on any interval
[t,, 1] C [2o, + o0, called the control of the pursuer (escaper), X (Y) is the phase
vector of the pursuer (escaper), L (¢, X), H (¢, Y) are vector-valued functions con-
tinuous together with their first-order partial derivatives in all variables,

We assume that the following condition is satisfied for game (1,1),(1,2): for arbitrary
collection z, = {ty, X4, Yy}, t4 > t,, called the (initial) point of the game, and
for arbitrary players' controls, the solutions X (£) and Y (¢) of Egs, (1.1) and (1, 2), res-
pectively, in the sense of Carathéodory [1], with initial values X {#,) = X,, Y (f,)=
Y, ,exist on the whole interval [¢,, 4 oo].

The following constraints are imposed on the players* controls:

-+

{ ot X @) s @t <ot 1.3)

to oo

\ st YO (@) v @) dt< (1.4)

ty
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where o (¢, X) > 0 and 0 (¢, Y) > O are scalar functions continuously differentiable
in all the arguments, P > 0 and ¢ > 0 are fixed constants,

For objects described by conditions (1.1) — (1, 4) we examine the evasion-of-contact
problem (see [2, 3]): in accordance with the information known to the escaper, at each
instant £ choose the control vector v (£) so that the equality x (¢) = y (¢) is not sa-
tisfied for any finite ¢, It is assumed that at each instant £ the escaper knows the point
z(t) ={t, X (1), Y (#)} of the game and the vector u (f).

2, We say that the escaper has a maneuver superiority over the pursuer if one of the
following two conditions are satisfied: (1) [ < k3 (2) I = k&

o>p 2.1)
oty ..,y Lo (8, 2D, L, 2l (2.2)

as soon as 2(® — y(®,

Theorem on evasion of contact, If the escaper has a maneuver superiority
over the pursuer, then evasion of contact is possible, Here, for arbitrary initial game point
2y = {ty, X, Yo} satisfying the condition z,® 7= y,©, by a suitable choice of es-
cape control ¥ == §'(¢) we can ensure the following estimate on the distance £ (f) =
[9 (@) |, $(f) =y () — z (t) between the players:

eYME)EC), LIS for gg)<e
armE)e, L<I<T: for E()>e 2.3)
e, T M), Tm_1 I Tm2 m=3,4,..., (Tm - 00, M > (O}
NO=0CX,Y)=[1+8+|zO0P .. | |ab6-DP f|yop 4

+ I y(l—l) |2]‘[s

B>

Here &, £y, &5, ... are positive numbers and Y M) isa monotonically decreasing func-
tion of its argument, , they depend solely on problem (1,1) — (1,4) and are independent
of the initial values of the players'phase coordinates or of the progress of the game ;

to < T, << Tg< ... is a sequence which depends not only on problem (1,1) — (1. 4)
but also on the evasion process.

Following [2] we prove the theorem in several argument stages, By (a-b) = a'b'
... 4 a"b" we denote the scalar product of the vectors ¢ € E" and b < E*, |a |=
(a-a).

3, By virtue of system (1,1), (1,2), for an arbitrary function 1} =1 (¢) we have the
estimate | n.y’ | = |¢ + (2-&) + ... + @D L (2, X) + u) +

@)+ FEVHGY) ) I + 0 (LG X) [+
[HEGY) [+ lul+12])

Hence @i cmberm)Flullvl<A@+lul+lol @D

whete v ) —sup (1Lt X) [+ |H(GY) |+ oY)}

ot X, Y)<sr

AR =14+ r+r24c* ()
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(here the sup in the right-hand side is taken over all possible collections z = {¢, X,
Y} of phase coordinates, satisfying the constraints ¢ > £, 1 (¢, X, ¥Y) <C7).

We set . . .

e (r)y=min{l, min (p(¢, X)), min (s(t, Y))

X ,x’)<r( (- X) ,X,Y)gr( (& V)

F ) = exs) (o) ds

From the continuity of functions &* (s) >> 0 and c* (s) > 0 it follows that the func-
tion F (r) is defined and is strictly monotonic on the half-interval [0 4 00), so that
the function @ (r) inverse to it grows, also strictly monotonically, on the half-interval
[0, a*), where a* = lim, o F (r) < -} oc. From relation (3,1) it follows that

the estimat
© dF (q{)) #mn (1 o O O]
l——ﬁ_-l<8(“(»(‘+ o) S

L4 (p (6 X O u @]+ (o, Y (@O E{v (B
(e* (r) << 1 << A(r)) is valid for the phase vectors of system (1, 1), (1,2) with any ini-
tial condition {fy, X4, Y}, t& => ¢, ,and with any controls u (¢) and v (f), 14 <<
t < oo, Sothat when |t — £, | < 1 ,by virtue of (1,3),(1.4)
[FFm () —FMm@E)I<E—1) 4+ (o4 0) (1 — 1)
o* (t — ts)
¢*(r) =arr, a =1+ p + o

d, co! tly,
TEEREEY o) — et —t)<nO<OFE M+ -2
G* (t — ), PES{fy, tye + 0]
Ne = N (E4), 04 = min {1,48% (n,), x (Me)}
*, . r) 12 T
o () =[5 a5

Let 4 = A (W) & E™ be a differentiable vector-valued function of the variable
w e E™ and let b be an arbitrary vector from E™, By the product (94 / dw-b) we
mean a vector from E™, each of whose components is a scalar product of the gradient
of the corresponding component of the vector-valued function 4 by vector &, Then,

the estimate ‘ 4L {, X(z)) l+ \ dH{z Y(t))

<SR (3.3)

is obvious for the solutions X (¢) and Y (f) of system (1.1),(1.2), Here (the sup is
wkenoverall M (¢, X, V) fweE L |fl=|w]|=1)

1) = sup (P&, X) + (8 V) + 1) + sup| (24 ) |

it X)“l aL(t X) _.rkiz(al?(f{l’) (z+1)>+kaL(t X) -L(t, X))‘
i:o

PYE) *-1)
dH(, Y aH(t, Y H(t,Y
a6, ) = |22& ’+2} 5 (S50 i) 4 (Pt . 7))

by () = sup {}("jﬁi:ff’ @) (ot 7|+ (S 1) e, V)
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I (r) =max {p, (r) (3 (")}
Rt) =Tm@)+TM®){c& XONu@® ]+ @69
(&Y @)"elv() ]}
If 1 < k,it is easily verified that

HOY ) |4 a0 <R 2.5)

4, Llet us introduce the notion of a special control for the escaper, At first we exa-
mine the case [ =%, Let ¢ & (0, (3-2!)~1) be some constant and ® & E™ be an
arbitrary vector satisfying the constraint

jo | (4.1)
Then, for arbitrary control u (s), § >> £, there exists a control v, . (s) such that
Voo (s) =u(s) + U o (4.2)

Let 2y > o and ¢t >> ¢, be the arbitrary real numbers, Multiplying (4,2) by (¢ — s)!-
and integrating from Zyto t, we obtain (here and subsequently t ==} -~ I

— 1)! S (F— 8)" Vo (8) — u(s)] ds = at! 4. 3)
In the case I <"k the escapter 's special control is given by the formula
Then ‘ Yo (s) = oll (4.9)
7:1;5,—5 (t— 9 v (5) ds = o1t (4.5)
tx

In Sects, 5 — 7 we describe the escaper's active behavior,
6. Let the game (1,1)— (1. 4) commence at the point
Zp = {li> Xy Yy L >t0s 0< 2 — (°’|-—§(t*)<1

and, for given ¢ > 0 and ® & £ let it develop under the action of the special con-
trol v, . (s). Then, for £ > 4 the vector ~valued function ¥ {¢) can be written in the
following torm:

YO =T (0) + =5 5(t—-s)f‘1 O —a0@E s GD)
-1

Te( =%t + 2 &7 &= —2), t<i<i—t
=1

Formula (5, 1) is obtained by a Taylor series expansion of function 1 (¢) , with a remain-
der term in integral form, Substituting 2() (s) and ¥ (s) from relations (1, 1), (1.2)
and integrating by parts, we obtain (see (4. 3), (4. 5))

W) =T @+ ot Fh@W, T@) =Ty@+det (52
H(Z*,Y*)*L(t*,X*), l=k
d, {H(t*,m-—w&i’, 1<k
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¢
S t— s)‘ (H (5, Y () — L (s, X(s)))] ds, l=k

Nh(ty=§ *

| S (t — s) [ls-r{ (s, Y (8)) — 2U*D (s)] ds, 1<k

L 33

Although the vector-valued function % (£} depends upon the players controls, neverthe -

less it satisfies (see (1, 3),(1, 4) (3.2) — (3. 5)) the constraint

IR ()| < SR(s)ds <o )T 0T 0, (5.3)
Hete *

% (Mo 7) =aT (D (F (n,) + ¢* (1)) .4
In addition, as can be verified,

] <2me <A KT (M), 1<i<I—t (5.5)
Idz|\<\6*(ﬂ*)+n*<%(n*)<r(n*)

8, If the estimate (2, 3) is fulfilled for the orthogonal projection of curve (5, 2) onto
some two-dimensional subspace of space E™, then, obviously, it is fulfilled for curve
(5.2) itself as well, Therefore, without loss of generality we can take E™ as being two-
dimensional, In E™ we choose an orthonormalized basis such that the vector 1 (f4) has
the components (&, 0) in it, In this basis let

d}' =(dj1: djz)s =1 ..., o = (!, 0?)
h(t) = (' (1), B* (1), T (v) =(I"(x), T* (1))

Then the equation for curve (5, 2) is rewritten as follows

PO =& + D) diT + (0 + B () T (6.1)

i=1
1

Pty = D) di*t! + (o + B2 (B)) !
=1

Let us set (here and in further cases the dependency on z is not explicitly noted)
g(c) =(6/e), & (c) < (c/6)*+! (the final choice of & (c) is made in Sect,7),
By T =1 {(¢) & (0, 6* (n4)) we denote the solution of the equation

P =t—g(@) (P {1 +8%1(my) + (M4, 1)+  (6.2)
XMt =0

existing because P (t) is continuous and B (0) <O and B (8* () > 0. We denote
the number £, -+ 1 {(c) by #*

Let us prescribe that on the interval [fy, ¢ *] the escaper applies the special control
U, c (s) such that

o' e [Yye, ¥y cl, T (v (c)) >0
0! & [— ¥, — Myel, T (v (c)) < O
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(the final choice of ® is put aside until Sect, 7)), Then, as is easily verified,
[P (%) | > 28 (c) p=! () > & (e) p=! (ny)
pny) =148%1(ny) 4+ a® (g, T(e)) 4+ 17 (n4)
Since (see (3.2))

F (0 (59) > F (n,) — g% (v (o)) > F (n,) — L= a) 5 2 Q) o
and, consequently,

F (n (%)) + 2a* (6.3)
3

> F () + ¢*(t(c))
we have

1< pt(my) << m(n (£%) E
n(r) = {1 -5+ (r) 4 (ol (@ (_f_(ﬁi—-—zﬁ-—)))zg»- x"l(i)}

E() > [V (%) | >~ o -

The next stage of arguments is most essential in the proof of the evasion-of-contact
theorem since it is precisely here that we determine definitively the quantity & (¢) (and
the quantity v (c)) and make the final choice of the vector @ on the interval [f, £*].

Hence

7. By p () and ¢ (¢) we denote the polar coordinates of a point { (¢) of curve
(5.,2), We set )
a=aol+ A, =0+ k() 7.1

Multiplying relations (6,1) in succession by 1, T, . .., t¥"l, we obtain

p (D) cos@(t) = &y -+ 2 a4 at! (7.2)
=T
] !
o (8) cos @ () = Ty + D} 7 o+ art
Jml

....................

Tlp (¢) sin @ (£) = ) dfv/Hl - Brdt

i=1
We treat these relations as a system of 21 linear algebraic equations in the unknowns
1,1, ..., T2 Solving it formally for the unknown unity, we find
1-D == D,
where D is the system’s determinant, while /), is the determinant resulting from D by

replacing the first column by the column of free terms of system (7,2), From the first
column of D, we take out the common factor o (¢) and we set [, == p (f) D*, Then

we obtain p () D* =D (7.3)
The estimate (see (5, 5)) (7.4)

*® 1 21-1 *
for D* is obvious, | bl S (ZZ')' T (“q*)l

The determinant D == D {a, B) is a polynomial in o and § , with coefficients
depending on point Z,. We see immediately that
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-y
D (o, B) = po)}’ -+ 2 i3’ (Por = &) (7. 5)
i,j=0
Let p be the coefficient of polynomial (7, 5) largest in absolute value, Then

D (o, B) = ps(a, B), |p > &' (7.6)

Here s (o, B) is a polynomial of form (7, 5), all of whose coefficients do not exceed
unity in absolute value, and one of the coefficients equals unity, We examine this poly-
nomial on two rectangies

Iy = {5c /8L a<CTc/8 —c/8 <p<c/8}
I = {—7c/8<CaC —5/8 —c/8Pp<Ce/8}

The subsequent arguments are carried out for II; because for I, the arguments and
estimates are absolutely identical,

Let b >a > 0,8 > 0 and h be arbitrary real numbers, m be a positive integer,
By Q (a, b, k, 8, m) we denote a family of mth-degree polynomials, to be examined
on the interval [h — 6, A -} 8], all of whose coefficients do not exceed number b
in absolute value, but such that the absolute value of at least one of the coefficients is
greater than or equal to a,

Lemma 1, If | |<{1 and P (2) = py+ P&+ o + Pm2z" = Q (a, b,
h, 8, m), then

P*(y) =Py +MNEQ@—2"|h[(1—|h|)], 2" b(1 —
A1) 0, 8, m)

Proof, After simplification we have

Pr(y)= 2 p*ys  pr =2 pCiRR, 0<<hE<Sm (T
k=0 '

=k
So that m !
Ip* [ <<b2m D) (R F 2™ (L — A, 0k m
j=k
If, however, k,issuch that | py, | >> @, then by virtue of (7.7)
|Ps* 1> 1Pl — 2 |pi|CifelR ™o >a—27b[R[(1 —[R|)?
j=lt1

Q.E,D,
Let p (z) be a polynomial in % to be examined on [a*, b*], We set

|p@)|= max |p(z)]
axehk
Lemma 2. If § <1 and P (2) = py+ pz + ... + pa™ € Q (a, b, 0,
61 m), then
|P ()] > a@mml) 87  a* = —8, b* =+ §

Proof. Having set £ = Oz, we obtain P (z) = P* (z), where

P*(z) = D} (pyd¥) 2

k=0
Therefore, P* (z) = Q (ad™, b, 0, 1, m). Let| p,, | >>a. Then
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| @oP* (2)idz | > | @P* (0)jdz| = | py, | 8°kol > kol 87a
By virtue of the Markov inequality (see [4])

k! 6"a
= (m— ko - 1)

d¥oP* (2)

45 px (5)
dzP

dz"1

> (m— ko + 1)

Hence by induction
| P* (2)] = kol 8™a ((m — ko)1) (m!) 2 > a (2"m!)1 8™

Q.E.D,
The polynomial s (o, ) can be looked upon as a polynomial in § with coefficients
depending on.o i—1 I—-1
s(0,B) = s + 2 (X sy ) @
Obviously 1—1 -1 =0 =0
|2 s | <D o <8 for Jal< 2L (7.8
i=0 =)

Let i, and j, be such that s;,j, = 1. Then

-1
P@) =D sud Q2 4. 1—1)

i=p

Therefore, by virtue of Lemma 1, for ¢ <7 (3-2)71

Pr(y)e=Q (1 —3:21¢, 21420, ¢ /8, 1 —1)C Q (*, 2!,
chfgsl—“i)
y=a—3/4 P*(y) =P (y+ 3c/4)

In accord with Lemma 2 we can then find Vo, | Vo | <C ¢ / 8, such that
[P* (po) | > 2™t A = (2479 (1 — 1)) (7.9)
We fix @y =y, + 3¢c/4e [5¢/8, 7c /8], Then (see (7,8),(7.9))
s(B) =s(apf)=Q(A-c,8,0,¢/8, I
So that by virtue of Lemma 2 we can find f,, | f, | < ¢ / 8 ,such that
I's (e Bo) | > [s(Bg) | > A, A =} (42 Ity
Since the partial derivatives of polynomial s (o, ) are bounded on the rectangle
IL* = {9 /16 < a < 15¢ /16, — 3c /16 < p < 3¢ / 16}
by a constant A, = 16-1-16/13, we have
|'s(ag -+ 8, By 4 0B) | > A1 = r(c) (7.10)
assoon as | 8 | < 8 (c), | 8P | < 8 (c), where
8 (c) = A *c¥1, A* =min {*/1es A/ (44))}

We fix e(c) = gFplle2ltl £* = min {67271, (A*)2/6} (7.11)

(the inequality & (c) < (¢ / 6)*'*' is then guaranteed) and we prescribe that on the in-
terval [¢,, t*] the escaper applies the special control 0, . (s), where @ = (@, Bo)s
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and (o, Pa) is 2 point of the II;, constructed during the arguments presented above,
if I* (1 (c)) > 0,and (e, B,) isa point of the II,, constructed absolutely analog-
ously, if 7 (7 (¢)) < 0. Then by virtue of (5, 3) and (7,10)

1R () 1< o (M T () (1)< (8(0) (e ()< 8 () (T.12)
So that (see (7,8),(7,10))
|D| = |D(a, B)| =|D (oo + (), o+ P ()| >

r(c) Byl taSESSH®
and, consequently, by virtue of (7, 3),(7.4)
p(t) >r(c) &' IE DHT ()17, t & [ty £ 7] (7.13)
The upper bound for p (¢) follows from (5, 2), (5. 5), (7.12)
PO<S<E+TMIU -1+ o +AEO [T E A+ (114
28(c) (v () + ¢ (x (e))":

Here we have used the inequality | @ -+ & (£) | <C ¢, stipulated by (5, 3) and by the
choice of ®.

8, Let us complete the proof of the theorem, We consider the case [ = k. Let s
estimate the quantity ix

I(c) = Sc(t, Y (8) ] va (2) [2dt (8.1)
%
Since, by the Lagrange theorem and by virtue of (2,2),
ot Y () <<o(t,z(t)y® (@), ...,y (@) + (8.2)

pmm@lz@—y@letX@O)<e @ X @)U+
Fm@ lz®)—y@1)

and since [ o, () [2<Cu () |2+ [0 [2(I) 2+ 20 o | [u(®) |,

I(c) <<Ii(e) + 15(c) + I () (8.3)
Ii(c) = Ss(t, Y () (£)2dt
Io(c) = 2 ()2 Sc(t, Y(@)dt<(el!Pr(e)T(DF ()9 (v(0) < (cl18(c))?
123
Is(c) = 2llc Sc(t, Y ()| u ()] dt

moreover, by virtue of the Cauchy -Buniakowski inequality
Iy (e) << 2 (I (e))s (I (e))s (8.4)
while by virtue of the inequalities (8, 2), (7.14), (7.12),(3,2), (6. 3)
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I () <UL+ a(ny, T(0) (Bs + (26 (0) + 1) (v (e)) I;*(e) < (8.9)
(1 + 1 () & + 30 (c)) I* (¢)
tx
1% (€)= \o (8, X (1) lu (0P
ty
We choose g, = (0 — p) / a. For the game point z = {¢, X, Y} we denote the

funert
unction VY (2) = |20 — yO |1 (q (¢ X, Y)) — 2¢,

Cp == con1{(2—&l) (8. 6)

o \-1\1]4&l
¢, = min {3‘1-2" ((Ai*” )2 (2 > nﬂl(l—zi)) ) , (8_5?)”(2'“”} (8,7
Nz=}

Now, let the escape commence (see Sect, 1) at the point z, = {#,, X,, Yok
| 2y® — yo® | = E, 5= 0. Let us assume that the escaper conducts the escape induc-
tively by cycles, so that each mth cycle (m > 1) consists of an interval of active es-
cape of duration 1, = T (¢,), if m > 2and 1, = 0, if m = 1, during which the
escaper, having chosen the vector @ min accordance with the method of procedure used
in Sect, 7, applies the special control U(S)=="Vu,, .., (5), and of a succeeding interval of
passive escape during which the escaper applies the control v (s) = 0 and whose dura-
tion O, is determined thus: @, =0 if ¥ =W (2(Tpq + Tw) < Oand Oy,
is the smallest positive number for which ¥ (z (1'p—y -+ Tm + Op)) = O if ¥, >0.
Here and subsequently

T,=1t, Tmzz('t’k+9k), m=1,2,. ..
k=2

Then the following estimate (see (8, 4) and the Cauchy-Buniakowski inequality) is valid

for the escaper’s control :

Tm m

\ st YO dt < 3 1) < 3 Tae) +
A k=<2 k=2
{

m 1/ m 1y m
zkzll(ck)) (212(%)) +212(ck); m>2
k=2

k=2 ; k=2

We set

since (1 4 1 (n (T4)) E(T%) + 30 () < (1 + &% k=2, ..., fom

relation (8, 5) follows =

D Ti(e) < (1 +e, ) D e << (1 8, )0 (8. 8)
k=2 k=2

the latter inequality is satisfied as soon as the pursuer, to whose behavior the escaper
reacts, observes constraint (1, 3), Further, by virtue of (8, 6), (8. 7)

D La(e) T D) e () <&, (8.9)
k=2 k=2
So that (see (8, 8))

" m Ve S e\ 2 (8.10)
\ st Y @) o (@Pdr< (( S (ca) + (2 I, (q;)) ) <
"t rr<e T -
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Let us prove that Ty — + oo as m — oo, By contradiction, if I'm —> b < 4-00
as m —» oo, then o
b—ty> D > D gede @) Y P e =% (M(Tha)) k=2,3, ...
k=1 k=2 -
3 g(enke (@ /! = Be'e,ss) 3 ¢
k=2 k=2
diverges, the sequence p,, is unbounded, which by virtue of the continuity of the function
st (r) implies the unboundedness of the sequence 1 (7';). However, the latter is false,
because if we set v (¢) = u (t) = 0, ¢ >> b, then the functions u (¢) and v () (al-
ready constructed on the hatf-interval [¢,, b)) are (see (8, 10)) the player's controls,
so that by virtue of the condition formulated in Sect, 1, the function v (£)="/(¢, X (#),
Y (¢)), being an absolutely continuous function of the parameter ¢ 2> ¢, [1], is bounded
on [#,, b],which is a contradiction,
Passing to the limit as m — oo in formula (8,10), we get that the constraint (1, 4)
imposed on the escaper's control is satisfied,
Let us obtain the estimate (2, 3), On the passive segment the estimate follows from
the definition of ¥ (z)

Since the series

E(l) > 28, /nin () (8.11)
On the mth active segment {m > 3) (see (7, 13), (8,11), (6. 3))
EO) > (em) B Tan @O T (T )P > (8.12)
7 {em )28, > r (em)(2e,)! X (,n (f,))

EHlt O T )UT () (P22
el F (r) -+ 2a* F{r) + 2a* 1-2! -
10 = (0 (E2E) ) 1 0 (K02 ) i
if Opm-y 5= 0, and (see (7.13), (6, 4), (6, 3))

l
§(0)> Ll Lnll g (5 o) (8.13)

@nt
where

if 8.4 = 0.
In order to complete the proof it suffices to set
em = min {2y, 7 (cn) (284)" 7 2DY, 7 (em) (e (cmy))! 1 (2D} (8.14)
m>3

and to note that (8, 12) holds on the first active segment if 0, == 0 and
r {c) Eol r{ca) Eal

s> RHUT(n(to, Xo,Y0)))2 1 > @ T (8.15)
if 8, = 0. So that &, = min {1, r (c;) / (2D}, & = g,.

8, In order to complete the theorem's proof for the case [ < k, it suffices to set
gy =0/a<0o (9.1)
and, having noted that the estimate
() T (e) < (el () ®
is valid for the quantity 7 (c) (see (8,1)), to repeat verbatim the arguments in Sect, 8,

having formally set in them f; (¢;) = 0,k = 2, 3, ..., and having replaced in them
the previous value of &, by the one given in formula (9, 1), Here, as is easy to see,
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estimates (8, 11) — (8, 15) are preserved, The theorem is completely proved.
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We determine the gyration numbers of the dynamic systems arising on the two-
dimensional invariant tori in Kowalewska's problem, We have shown that they
equal the ratio of the periods of a hyperelliptic integral containing the Kowalew-
ska polynomial, Using the general theorem on the reduction of equations on an
n-dimensional torus, proved in the paper, the differential equations on the two-
dimensional invariant tori mentioned are reduced by an invertible change of
variables to the form ¢; = w; where w; = const, i = 1, 2. We prove alsothat
in the case of rapid rotations of the body the combined levels of the four first
integrals of the problem consist of two tori; the dynamic systems arising on these
tori are isomorphic,

1, Remarks on the topological properties of the combined le-
vels of first integrals, The Euler-Poisson equations of the problem of the mo-
tion of a heavy rigid body around a fixed point form an analytic system of differential
equations defined in R® {x : pgry,y,ys}. There is an integral invariant in this system,
whose density M (z) = 1 (i, e, the phase volume is invariant relative to a one-para-
meter group g’ of shifts along the trajectories of the Euler-Poisson equations), These
equations always have three algebraic first integrals: the energy integral (H), the area
integral (L) and the geometric integral (I'). If the rigid body is a Kowalewska top,
then there exists a fourth algebraic integral K.

By E we denote the following set:

E = {z: H = 6h, L =2, T =1 K=FK}(ECRY
It is compact, since the set {{{ = 6k, I' = 1} is bounded in R® and E is closed,



